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In this paper we show that if X is an s-distance set in R™ and X is on p concentric spheres
then | X| < Zzgl (m“*“l). Moreover if X is antipodal, then | X| < 22?;01 (m+872172).

s—1 m—1

1. Introduction

A subset X in a metric space (M, d) is called an s-distance set if the cardinal-
ity of the set A={d(z,y) | z,y€ X, z#y} is equal to s. In [5] P. Delsarte, J.
M. Goethals and J. J. Seidel gave the concept of spherical designs and found
the following interesting relations between spherical designs and s-distance
sets on spheres. Namely, the cardinality of a spherical 2s-design X on the

sphere S™~! (CR™) is bounded below by (mf*l) + (m:_‘q;2), and also the

cardinality of a spherical (25— 1)-design X on the sphere S™~! is bounded
below by 2(m;is; 2). On the other hand in the same paper, they showed that

the cardinality of an s-distance set X on the sphere S™~! is bounded above
by ("5 4 (M%) and if X is antipodal then the cardinality is bounded

S

above by Q(m:f; 2). They defined a spherical design is tight if the cardinality

coincides with one of the lower bounds given above. They proved that a fi-
nite set on the sphere S™! of cardinality |X|= (mf*l) + (m:_SIZ) is a tight
2s-design if and only if it is an s-distance set. They also proved that a finite
set on the sphere S™~! of cardinality | X|=2("}*?) is a tight (25—1)-design
if and only if it is an antipodal s-distance set.
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The upper bound of the cardinality of an s-distance set in R was studied
by Bannai-Bannai-Stanton [2] and Blokhuis [3] independently. They showed
that the cardinality of an s-distance set in R™ is bounded above by (m:s)
The concept of Euclidean designs is defined in the paper by P. Delsarte
and J. J. Seidel [4]. Delsarte and Seidel proved that the cardinality of a
Euclidean 2s-design on p concentric spheres in R™ is bounded below by
Z?p 0 ! (mf:iz*l) and the cardinality of an antipodal Euclidean (2s—1)-design

on p concentric spheres in R™ is bounded below by 22?;01 (mtf;jid).

In this paper we prove the following theorem which improves the upper
bound for an s-distance set in R™.

Theorem 1.1.
(1) Let X be an s-distance set on p concentric spheres in R™ . Then

2p—1 .
m+s—i1—1
X] < z( . )

X S—1
=0

(2) Let X be an antipodal s-distance set on p concentric spheres in R .

Then
m+s—2t—2
X< 2 .
s (M)

Remark. If p = 1, then S370" ("7 = (™77 4 ("[%%) and

s—1 s s—1

2507 (er?i 2= 2(mr %) hold and the bounds coincide with the bounds
given by Delsarte, Goethals and Seidel for the spherical case. If s <2p—1,
then Y2701 (MTiTl) = so8 (MY = (™). This means that Theo-
rem 1.1 is true for s <2p—1. Hence if s=2 or 3, and p> 2, then the upper
bound given in Theorem 1.1, (1) coincides Wlth the known one, (m:S). If
s> 2p, then Z?ﬁal (er;:ii*l) < (™¥*) and Theorem 1.1, (1) gives a better
upper bound.

As for the subsets in R™ there is an example of a 2-distance set in R®
whose cardinality is (8;2). This example was found by Lisonék [7] and it is
on 2 concentric spheres. However it is not a tight 4-design as a Euclidean
design even though its cardinality coincides with the upper bound.

It is still unknown whether any tight 2s-design gives an s-distance set or
not. This problem seems very important and interesting.

For more information on this subject, see [1] and [4].

In §2 we give basic facts about the vector space of the polynomials on a
finite number of concentric spheres in R™. In §3 we give a proof of Theo-

rem 1.1.
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2. Polynomials on p concentric spheres in R™

First we give notation which will be used in the following and then give
basic facts about polynomials on a finite number of concentric spheres
(see [4]). Let Sp,5%,...,S, be spheres in R™ centered at the origin of
R™ with radii 7q,72,...,7, respectively. Let S = S;U S U---US,. Let
P(R™) be the set of all the polynomials of m variables x1,z9,...,2,,. Let
Hom ;(R™) be the set of all the homogeneous polynomials of degree .
We denote the Laplacian g pred —l—awg +-- —1—3 > by A. Let Harm ;(R™)
be the set of all the harmonlc homogeneous polynomlals of degree [, i.e.,
Harm ((R™) = {f € Hom (R™) | Af =0}. Let P(S) = {f|s | € P(R™)}.
Hom ;(S) = {f|s | f€Hom (R™)}, Harm ;(S) = {f|s | f € Harm ;(R™)}.
For x =(x1,22,...,2m) and y=(y1,%2,...,ym) in R™, the inner product of z
and y is denoted by (z,y) =31, z;y;. Let ||z||*= (w ry=3" 2,2

The following propositions are known.
Proposition 2.1. (See [6])

(i) Hom ;(R™)=Harm (R )EBHxHQHom 1—2(R™)

(i) dim(Hom j(R™))= ("%, = (mn?::l)

(iti)  dim (Harm zaRm)): () = () = (et -
Proposition 2.2. (See [4]) Let p: P(R™) — P(S) be the linear map
defined by p(f)=f|s for any f &€ P(R™). Then the following hold.

(i) The kernel of p is the ideal generated by [Th_;(||z||* —r:?).
(ii) Hom i(9)= Hom (Rm) for each non-negative integer i.

2p—1
(iii) ZHom S)= @ Hom ;_;(S)= @ Hom ;_;(R™).
= 2p—1 ZZZO 1

iv) dim Hom ;(5) | = metee )

(iv) (; i )) ; ( i

We define some more notations which we will use in this paper. For
a vector A = (A, \g,...,\;,) whose entries are non-negative integers, we
define |\ = 7, \;. For any = (x1,29,...,2,,) € R™, we write 2* =
1M a9 - 2, . The next proposition is very elementary but useful.
Proposition 2.3. Let u=(uj,us,...,u,)ER™ be a vector. Then the coef-
ficient of the monomial x* in ||z]|% (z,u)' =" is equal to

1

O Oy &~ 20 A=

where A'(2*)|,—, means that take i times the Laplacian of z* and substitute
r=u.
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The following lemma, which may be well known, is useful. We use some
modifications of this Lemma in our proof of Theorem 1.1.

Lemma 2.4. Let u=(uj,us,...,uy) be a vector in R™. Assume that there
exist real numbers ci,cs, ... €L satisfying the following equation
2

14
(@) =il u)™*

i=1
for any x=(x1,22,...,2,) ER™. Then ¢(u)=0 for any p € Harm ;(R™)

A2 Mmin (2, u)! is equal

Proof. The coefficient of the monomial z1*! 29
to
I! A, Ao A

1 .. m
) )l ()t 112

for any non-negative integers A1, As,..., Ay, satisfying \; + Ao+ -+ Ay =1.
Hence Proposition 2.3 implies the following equation

N~

]

1 ,

wMup? - M = il ci(l = 20)! Az Mo - 2, ) ey
Ci=1

Since A' is a linear operator we have

[
1 (5]

2
l_' Zcz l_22 f)(u)a

i=1

for any homogeneous polynomial f € Hom ;(R™). In particular if ¢ is a
harmonic polynomial in Harm ;(R™) we have ¢(u)=0. |

3. Proof of Theorem 1.1

First we prove Theorem 1.1, (1). Let X be an s-distance set in R™. Let A=

A(X)={d(u,v) | u,v e X, u#v}, where d(u,v)=+/{u—v,u—v)=|lu—uv||
Then by the assumption on X we have |A|=s. Let A={a,a9,...,as}. For
each u€ X, we define a polynomial F;, € P(R™) by

S

Fu(2) = [T (llz = ul® - a®).

i=1
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Then we have
(3.1) Fu(v) = 6u0(— Haz

for any u, v € X. By (3.1) the set of polynomlals Fx ={F, |ue X} is
linearly independent in P(R™). For each u € X, the polynomial F, is a
polynomial of highest degree 2s, that is, F,, € 3.7, Hom ;(R™). Since Fy is
a set of linearly independent polynomials in a finite dimensional vector space
25 JHom ;(R™), X has to be a finite set. Let R=Rx ={||u|| | u€ X }. Then
R consists of a finite number of real numbers. Without loss of generality,
we may assume that 0 ¢ R. Let |R|=p and R={ry,r2,...,rp}. For each i
with 1 <i <p, let S; be the sphere in R™ with center at the origin with
radius 7;. Let § = S1USyU---US,. Then (3.1) also implies that Fx is
linearly independent as polynomials in P(S). Let Fx(S)={Fy|s | ue X}.
Then | X|=dim ((Fx(5))). In the following we look for the upper bounds
for dim ((Fx(5))). As mentioned in the Remark right after Theorem 1.1, if
s<2p—1 then Theorem 1.1 is true. From now on we assume s> 2p.

Lemma 3.1.

2p—1 p—1
(i) (Fx(S)) C @ Hom;_;(S) + Z ||x||22Homs,i(S).
2p—1 = p—1 ' =
(ii) @ Homg_;(S) + Z ||z|[* Homy_;(S) =
= 2p—1 =1 p—1p—1—i o
@ Homg_;(S) + Z Z \|x\|2(Z+J)Harms_,~_2j(S)
i=0 i=1 j=0

Proof. We have the following expression for the polynomial F,:
S
) =3 B (llal* — 2w, w))',
i=0

where @(“),0 < i < s is the elementary symmetric polynomial of {||u|> —

a3y, ||u|[? — a2} of degree i. In particular B(()u) =1. Therefore,
Fx € {llall* (@, u) | i+5<s}) S Y [of[*Homy (R™).
i+7<s
0<4,j

Ifi#£0, i+j < s, and 2i+j > s+1, then we have i >2i+j—s>1 and s—i—j > 0.
Therefore we have
[l|* Hom;(R™) =

o] P37 || oD Homy (R™) € ] [P~ Hom, 5,5 (R™).



540 E. BANNAI K. KAWASAKI, Y. NITAMIZU, T. SATO

Hence we have

(Fx) € @5 Hom;(R™) + > ||| [**Hom_;(R™).
i=0 =0

Hence by Proposition 2.2, we have

2p—1 s
(3.2) (Fx(9)) C @ Hom,_;(S) + Z || [*Hom,_;(S).
i=0 i=0
Next, we will show that
‘ 2p—1 j—1 '
(3.3) Hx\|2jHoms_j(S) C @ Homg_;(S) + Z ||z||**Hom,_;(S),
i=0 i=0

P

for any j > p. By Proposition 2.2, I_I(||:U||2 —7?) generates the kernel of
=1

the linear map p defined by the restriction of the polynomials on R™ to

S. Hence, as a polynomial on S, ||z||?” is a linear combination of ||z||%,
1=0,1,2,...,p—1. Therefore we have

p—1
(3.4) HxHQpHoml(S) C Z Ha:HmHoml(S).
i=0

for any integer [ >0. Now we assume j>p. Then by (3.4) we have

||| Hom,—;(S) = [|||*"|||[*Y " Hom,_;(S)

p—1 p
S|P [PV Hom,—;(S) = Y ||#|[*Y "M Hom,_;(S).
i=0 k=1

If j <2k, then

2p—1
(3.5)  [|z]PY"®Hom,_;(S) C Hom,_ (9, (S) C @ Hom;_;(5).
=0

If j>2k+1, then
1] [?V = Hom,—;(S) = ||| 729 ||| [**Hom,—;(S) C

7j—1
(3.6) 212029 Hom,_(;_)(S) € 3 [l Hom,_;(S)
i=1
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because k>1. (3.5) and (3.6) imply (3.3). Induction on j using (3.3) implies

s 2p—1 p—1
(3.7) Z ||z||*Hom,_;(S) C @ Hom,_;(S) + Z ||z||*Hom,_;(S).
i=0 i=0 i=1

Equations (3.2) and (3.7) imply Lemma 3.1, (i).
Next we prove Lemma 3.1, (ii). It is enough to show that

2p—1 p—1

@ Hom,_;(S) + Z ||| [*Hom,_;(S) C
=0 i=1
2p—1 p—1p—1—i

P Hom,—;(S) + > > |2 Harm,;_o;(S).
=0

i=1 j=0
Proposition 2.1, (i) implies
(3.8) ||z|[*Hom,_;(S)
p—i—1

= > el Harm, i 9)(S) + ||| Homy i —2,(S),
j=0

for any ¢ with 1<i<p—1 (we note that s>2p). Then by (3.4) we have

p—1
(3.9) [[][*"Hom;-2,(S) € D |[a]|* Hom i, ().
=0
(3.9) and (3.9) imply
(3.10) ||z|[*Hom,_;(S) C
p—i—1 o p—1
> el P Harmyi0;(S) + D ||2][* Homy -2, (S),
j=0 =0

for any ¢ with 1<¢<p—1. Next we will show

2p—1 i—1
(3.11) ||| " Homg;_2,(S) C @ Homg_(S) + Z ||| [**Hom,_4(S)
k=0 k=1

for any 4, [ with 1<i<p—1and 0<[I<p—1.
If i+ 21 <2p, then

2p—1
(3.12) ||z|/*Homgy;—2,(S) C Hom,_ (5,914 (S) C @ Homg_(5).
k=0
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If i+2(>2p+1, then i+2/—2p>1. On the other hand 2p—i—1[>2. Hence
we have

||| Hom,i—op(S) = [Jao| 2T 72P) ||z [*2P =D Hom, 10, (S)
i—1
(3.13) C |‘x|‘2(2+2l72p)H0m37(i+2l72p)(S) C Z Hx|‘2kHomsfk(S)7
k=1

because [—p < 0. Then (3.12) and (3.13) imply (3.11). Then (3.11) and (3.11)
imply

2p—1 p—1—i
||z||*Hom,—;(S) € @ Hom,—x(S) + > [|[*"H) Harm,_;_;(S)
k=0 j=0
i—1
(3.14) + Z ||| [**Hom,_x(S).
k=1
Then induction on ¢ using (3.14) implies Lemma 3.1, (ii). |

Now we will start to prove Theorem 1.1, (1). Our proof will be devided
into two cases.

Case 1: We assume that (Fx(95)) ﬂEBf;ll Hom,_;(S)={0} holds.
Then Proposition 2.2 and Lemma 3.1 imply

p—1
(Fx(8)) & €D Hom, ()
=1

2p—1 p—1p—1—i o
@D Home—i(S) + 3 > [l=|PCH Harm,—io;(S).
i=0 i=1 j5=0

Hence by Proposition 2.1 and Proposition 2.2 we have

| X| = dim(Fx (5))

2p—1 p—1p—1—i
< Z dim(Hom,_;(R™)) + Z Z dim(Harm,_;_2;(R™))
i=p i=1 ;=0
_2pz_l<m+s—i—1>+pz_:l<m+s—i—1> 2pz_:1 (m—i—s—i—l)
i=p m—1 i=1 m—1 i=p+1 m—1
p—1

Hence in this case we have Theorem 1.1, (1).
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Case 2: We assume that (Fx(95)) ﬂEBf;ll Homg_;(S) 2{0} holds.
In this case our goal is to prove the following Lemma.

Lemma 3.2. If

p—1
(Fx(8)) NP Hom,_;(S) 2 {0}
=1

p—1

holds, then there exists a subspace W C Z Homy;_;(S) satisfying the follow-
i=1

ing conditions:

(i) (Fx(9)nW = {0},

p—1p—i—1
(i) dim W =dim | > > \|x\|2(l+3)Harms_i_2j(S)) .

i=1 j=0

If we prove Lemma 3.2 then Theorem 1.1, (1) is obtained as follows.
Proposition 2.2, Lemma 3.1 and Lemma 3.2 imply

2p—1 p—1p—1—12
(Fx(S)eW C @ Hom,_;(S) + Z Z \|x\|2(Z+J)Harms_i_gj(S).
i=0 i=1 j=0

Then we have

dim((Fx (S))) + dim W = dim ((Fx(8))) + W)

2p—1 p—1lp—1—t
< dim (@ Homsi(S)) + dim (Z Z ||$||2(i+j)Harmsi2j(S))

i=0 i=1 j=0

2p—1
= dim (@ Homsi(S)) + dim W.
=0
Hence we have
2p—1
|X| = dim((Fx(S5))) < dim @ Hom,_;(S) | .
=0
Then Proposition 2.2 implies Theorem 1.1, (1).

In the following, we construct a subspace W which satisfies the conditions
in Lemma 3.2.
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By the assumption there exist a nonzero polynomial g(x) € (Fx(S))N

@Homs,i( . Then we can assume g(z E@Homs J(R™) and

P

(3.15) > aulu () + f() [Tl * = %)

ueX =1

for any x € R™ with some real numbers a,, uv€ X and a polynomial f(x)e
2(s—p)
P(R™) whose leading term is of degree 2(s—p). Let f(z Z Z brz?.
=0 |\=i
Let us express

Y auFu(z) = Y an > A (2] - 2w,

ueX ueX =0

where ﬁz(u) is the elementary symmetric polynomial of degree i for ||u||> —

o2, ||ul|> —ad,....|[ul|> = a?. In particular ﬁ((]u)zl. We also express

p p
LTIl =72y = > dpjllall?,
j=1 =0

where §; is the elementary symmetric polynomial of degree i for —rf, —73,

..,—rg. In particular §p=1. With the notation given above we have

2s [%}
YoawFu(x)=Y ay, Y, (=2)7¥ (l i )ﬂ](“HusH%(w u)! =%

ueX ueX =0 j:max{o,l—s}
(3.16)
and
f@) TLl? = r?) Z Y bt | D 0yl
j=1 =0 |\|=i 7=0
2s ]
(3.17) - 3 3o G sballz][Fa?
=0  0<j<p |\|=l-2j

1—2(s— p)<2j<l
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Since g(z) € @Homs i ) we can prove the following (using equations

(3.15), (3.16) and (3.17)):

min{p,[L]}
Z Spillzl® 3" by
[IN=1—-2j
! o 2 (l=1J (u) 25 1-2j
-2)'y 2 ST @Bl P )
=0 J ) uex
(3.18) 0<I<s—p,

Yo GllelPr YT bt

0<j<min{p, 25 I\|=l—2p+2;
= (=" a0 S 2 (]. ! ) > auB el ),
J=0 ueX
(3.19) s <1< 2s.

Let [=s+1i, 0<i<s, in (3.19). Then we have

Z 5.||$||2(p7j) Z by

0<]<m1n{p7s l} (A|=s—2p+i+2j
(5] .
— —i 2i —25 (8 —J (u) 24 —i—924
(3.20) = (=2)°""||z||* jgo 2 ]<i +]> Z ayB; ||| |7 (@, u) .

ueX

We have the following proposition.

Proposition 3.3. The assumption and notation are as given before. Then
the following conditions hold:

(i) For any i with 0<i<s—p the polynomial Zp\\:i bya? is a linear combi-
nation of the polynomials ||z||% (z,u)!=%, 0<j <[], ue X.

(ii) For any s —p<i<2(s—p)

> b =[] ST By sy i),

(A=t ueX
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where B, i,(x) is defined for k=0,...,s—p and is a homogeneous polynomial
of degree k having the following expression:

> CrglulPllel (w2,

0<5<[%]

where Cy, ;(||ul|?) is a linear combination of ﬁl(u)7 0<1<j whose coefficients
only depend on s, p, k, |, j and the radii r1,...,r, of the given concentric
spheres. In particular Cy o(||u|[*) = (—2)*(}), which depends only on s and k.
Proof. (i) We use (3.18). Put [ =0 in (3.18), then we have >, byt =

6, Y uex au A" . Hence (i) is true for i=0. We can prove (i) by induction
on ¢ using (3.18) with [ =i.
(ii) We use (3.19). Put [=2s in (3.19). Then we have

Z byt = Ha;H2(s*p) Z (-

[A|=2(s—p) ueX
Hence B, o(z)=1. Put I=2s5—1 in (3.19). Then we have
S bat= —2|\x|\2<””( i 1) S (. u).
IA=2(s—p)—1 574 uex

Hence By, 1(x)=—2(,",)(x,u). For any k with 0<k<s—p, put [=25—F in
(3.19), then we have

> bt =

IA|=2(s—p)—k
2(s—k 9—2j s—7J (u) 2j k—2j
(-2 Z (jﬂ k)%ﬁ el 4z,
mln{p, [%
Z Sillz|P@= ST bat
IX=2(s—p)—k+2j
Then we can prove (ii) by induction on k=2(s—p)—i. |

For each k with 0 <k <s—p—1, let us define a polynomial By (z) of

degree k by
= Z b)\{L')‘.

IX=k
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We express (3.20) with 0<i<p—1 using Bi(z) and B, (). Then we get

(=]

2
S 6|2 PP) By_gpiaj4i(2)

=0
minp, (7]} N
il > @y By s—i—aj(x) =

+ )
ueX

j=[—’”“]

s 2||$||22 Z 9~ 27 Z auﬁ(u ||$||2J<l' u>s i— 2]
+‘] ueX

for 0<i<p—1. Then by Proposition 3.3 we have

(3.21)

(=]

2
ST 8||zlPPT D By gy ajii(a) =

j=0
N B |
iy 2( J.) > aufly Nl G >
Jj=0 vt ueX
min{pv[sgi}} ] [—Sii272j}
(3:22) =3 Gllell Y au 3o Comivaiulllullal P (o)

ucX k=0

j 5—i—2j

=125
Hence for any i with 1<i<p—1 the coefficient of the term ||z||* (x, )

in the right hand side of the equation (3.22) is given by

. (s —
-9 s—1—2j
(-2) (z +7J

)auﬁ + a linear combination of {3, 0 <1< j—1}
Then we can express the right hand side of the equation (3.22) in the fol-

lowing way.
[2p i— 3]
27 s—i—27
Z > augij ()l (2, )
=0 wueX
+ a linear combination of the terms ||z||? (z,u)* =%
2p—i1—1
with j > [%} ,

(3.23)
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where g; ;(||ul|?) is a linear combination of ﬁl(u), 0<1<j. More precisely

9o (I[ull2) = (—2)*+% < ‘j)ﬂ§“’

i+j
+ a linear combination of {ﬁl(u), 0<I<j—1}

By definition, ﬂl(u) is the elementary symmetric polynomial of {||u||* —
o2,...,|[ul|*—a?} of degree I. Hence g; ;(t) is a polynomial in one variable ¢
of degree j with the following form:

9ij(t) = (—=2)5 ¥ (‘:7)# + terms with ¢/, 1 < j — 1.
i+

Note that the polynomial g; j(t) of degree j defined above depends only on
at,...,os and r,...,7rp and 4, j.

Let Us(éf ) be a subspace of Hom;_;(R™) defined by

U = (|l (o)~

ogs—i—zjgk>.

Let us define a polynomial in Homg_;(R™) by

[21)721'73}
Dsi(z) = Y Y augia(llul®)|lz]* (z,u)>" "%, 0<i<p.
=0 wueX

Then (3.22) and (3.23) imply

(=5
(3.24) Dy i(x)— Y. AllelPrTT B gpiapi(a) € USTPE
1=0

We have the following lemma.

Lemma 3.4. Assumption and notation are as given before. For each i and
g with 1<i<p—1, 0<j <p—i—1 there exists a polynomial G; j(t) of degree
j in one variable t satisfying the following condition

Y <s—i—2j—2
™ G (fullP) (o, u)* =% € UETTHD,
ueX

Moreover the polynomial G; j(t) does not depend on the choice of the poly-
p—1

nomial g(z) € (Fx(S5))N Z Homg_;(S).
i=1
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Proof. Let i=p—1 in (3.24). Then we have
<s—2p+2
(3.25) Pspi1(2) = |12l Bopr(2) € U5,
Let i=p—2 in (3.24). Then we have
<s—2p+2
By pia(@) = |[2]|* By pa(z) € UETH?.
Let i=p—3in (3.24). Then we have
<s—2p+2
By (@) = ||2]°Byps(z) — 8[|l Bepr(2) € U,
Then (3.25) implies
<s—2p+2
By prs() = 0ul2] 2B pia(w) = |l2]°Byp () € U372

Thus induction on [ shows that for any [ with 1 <[ <p—1 the following
holds:

-1
=]
2
. <s—2p+2
Bopit(@) + D dijl|2l[¥ Papiiai(x) — |lal[* Baops(w) € US4,
j=1
with some constants d; j, 1<j< [1771] which depend only on ¢;,...,d,. Hence
we have
iy j <s—2p+i
Do_i(z)+ Y dpijl|w][¥Ps_i_oj(x) =0 mod Uls Y

j=1
for i=1,...,p—1. Then we have
5] ; <s—2p+i
(326) A0, @)+ Y dpigllal0s i oy(@)| =0 mod U,
j=1
for any [ with 0</<p—1i—1. On the other hand compute
(==L

2

Dyi(x) + D dpijl|z]|¥ Psioj(x)
j=1

using the definition of @, ;(z). Then we can show that @ ;(z) +

—i—1 .
Zg.p:f }dp,i,j||x||23¢37i,2j () has the following form:

p—i—1

> > awhig(llulP)llz ] (2, u)* 2,

k=0 ueX
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where h; 1 () is a polynomial of degree k with the following form:

hige(|[ul[?) = (=2)°~ 72 (s

(3.27)
In general the following holds:

+k‘>|| 126 + terms with [|u||¥, 0<j <k—1.

A(||2] [z, u)F) =
2(m + 2 + 2k — 2)||| P, w)* + k(k — 1)||ul|?| ||| (2, w)* 2.

Therefore, for any [ with 0<I<p—i—1 we have

(=]

A Dy i(@)+ D dpijl[a] | Pyigj(@)

(3.28) = 3" auGu(llulP) (e, u)* 72 (mod USTHH72),
ueX

where each Gj;,(t) is a polynomial in one variable ¢ of degree [ which is
independent of a,, u€ X. Then, (3.26) and (3.28) imply Lemma 3.4. |

p—1
Let W be a subspace in ZHoms_i(S) defined by
i=1

-1
:Z Z 2 (||z]]*) Harmg_;—2;(S),

where G; j(t), 1<i<p—1, 0<j<p—i—1, are the polynomials of degree j
given in (3.28).

We will show that the subspace W defined above satisfies the conditions
in Lemma 3.2.

Proof of Lemma 3.2.
Let g(x)€ (Fx (S))NW. Then we may assume

p—1p—i—1
(3.29) g(x) € (Z > Gz‘,j(llxIIQ)Hafmsizj(Rm))

i=1 j=0

and
P

(3.30) > aubu (@) + f@) [Tl = r:?)

ueX i=1
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for any = € R™ with some real numbers a,, u € X and a polynomial f(z)
whose leading term is of degree 2(s—p). Then we can use Lemma 3.4 and
we have

3" auGij(|[ul|?)(z, u)s % =

ueX

Z ay (terms with ||z||* (@, u)*2 72 > 1)
ucX

for any ¢ and j with 1<i<p—1, 0<j<p—1i—1. Then, a similar argument
as given in the proof of Lemma 2.4 implies

> auGij(||ull*)e(u) =0

ueX

for any ¢(x) € Harm,_;_2;(R™). Hence by (3.29) we have

(3.31) Z ayg(u) =

ueX

On the other hand, (3.30) implies g(u) = a, F(uv) = ay(—1)°[[_; a?. Then
(3.31) implies

HZ@

= ueX
Since (—1)*[[;_; a7 is a nonzero real number and a2 >0, u € X, we have
a,, =0 for any v € X. This completes the proof of Lemma 3.2, (i). Lemma 3.2,
(ii) is obvious because the following hold:

—i— 2p—1

p—1
Z Z ,J ||l’|| Harms i— 2] m) C @ Homsflfi(Rm)
=1 i=0

and

p—1lp—1—2

2p—1

7
||| |20 Harm, ;o (R™) € €D Homyp1—i(R™). ]
J=0 i=0
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Antipodal case (Proof of Theorem 1.1, (2))

A set X in R™ is called antipodal if —x € X holds for any € X. Let X be
an antipodal s-distance set on p-concentric spheres in R™. Let Y be a set
of all the representatives of antipodal pairs in X, i.e., Y is a subset of X
satisfying YU (=Y)=X. Thus we have | X|=2]Y|. For each u€Y we define

polynomials Fée) and Fuo) in the following way:

Fise):Fu‘i‘Ffua

F©) =F, - F_,,
where F,(x) =[] (||z—u|[?*~;?) which is given in page 538. We use similar

notations as before. The monomials z* which are contained in Fée) are of

even degree and the monomials 2> which are contained in FQEO) are of odd
degree. We define the following sets of polynomials.

F—(F |uev}
FO —{F |uev}
AI(S) = {FOs |ueY})
F(S) = {Fs |ueY}.
Then we have
V| = dim ((F())) = dim ((F7(9))) ,
(Fx(8)) = (F(9)) @ (R ().

By Lemma 2.3, we have

FS)c @ Homey(S)+ > |lz|*Hom,(S),

0<i<2p—1 1<i<p-1
s—i =0(mod 2) s—i =0(mod 2)
FSHc @ Homei(S)+ Y. || Hom, i(S),
0<i<2p—1 1<i<p—1
s—i =1(mod 2) s—i =0(mod 2)
and
@ Hom,_;(S) + Z ||z|[*Hom_;(S)
0<i<2p—1 1<i<p—1
s—i =e(mod 2) s—i =e(mod 2)
= P Hom(S)+ > S x| PO Harm, ;- 05(S)
0<i<2p—1 1<i<p—1 i=0

s—i =e(mod 2) s—i =e(mod 2)



AN UPPER BOUND FOR THE CARDINALITY OF AN s-DISTANCE SET 553

for e=0,1.
In Lemma 3.4, we obtained polynomials G;;(t), 1<i<p—1,0<j<
p—1i—1 in one variable t of degree j. By definition, those polynomials

depend only on ai,...,as, 71,...,75. We define subspaces W and W)
p—1
in Z ||z|[**Hom,_;(S) by

i=1
p—i—1
we — Z Z G, j(||z|[*)Harmgs—_;2;(S),
1<i<p—1
s—1i _O(mod 2)
p—i—1
W — Z Z Gij(||=|*)Harmg ;2 (S).

1<i<p—1
s—i =1(mod 2)

Then we have the following inequality:

dim(F77(9)) = dim(F(S)) <

min ¢ dim @ Hom;_;(S) |, dim @ Hom,_;(5)

0<i<2p—1 0<i<2p—1
s—i =0(mod 2) s—i =1(mod 2)
Then
m+s—i—1
dim Hom,_;(S) | = )
D o=i(5) 2 i
0<i<2p—1 0<i<2p—1
s—i =e(mod 2) s—i =e(mod 2)
for e=0,1 and
. p—1 rm+s—2i—1 . .
Z (m +s5—i— 1) _ {Zi_ol ( ) 2) if s is even,
. p—1 rm+s—2i— : :
0T s—1 Yoo (MTETTTT)if s s odd,

s—i =0(mod 2)

Sy (MTTEEL) if s s odd.

m—1

Z (m—i—s—i—l) {Z (mt‘; 21Z 2) if s is even,

0<i<2p—1
s—i =1(mod 2)

Since Y-0—y (M) < ST (M2 ] e have Theorem 1.1, (2). |

m—1
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4. Examples
We give two examples of 2-distance sets whose cardinalities attain the upper
bounds given in Theorem 1.1.

Example 4.1. (P. Lisonék) Let e;, 1<i<9 be the canonical orthonormal
base of R?. Define subsets X, X, CR? by

12
X1 = {—ei + gkglek
Xo={eij+e;j | 1<i<j<9}
Let X =X,UX5. Then X is a 2-distance set whose cardinality is (8;2) =45.
Proof. Let H CR? be the hyper plane defined by 1 +x2+---+x9=2. Then
X CHﬁSBL‘ and Xy CHﬁSf/—, where S5 = {z€R? | |[z||=p}, that is, a
sphere in ]Rg)/gof radius p. It is easy to see that X is a 2-distance set on two

1§i§9}

concentric spheres in R® of radius 2\/_ and \/_ |

Example 4.2. Let X = {A = (1, 0), B= (-1, 0), C = (0, V3), D =
(0, —v/3)}. Then X is an antipodal 2-distance set on two concentric spheres
in R? with cardinality 4.

Proof. It is obvious that the set X given in Example 4.2 is an antipodal
2-distance set whose cardinality coincides with the bound given in Theo-
rem 1.1 (2). |

Delsarte and Seidel ([4]) gave the definition of design for Euclidean spaces
in the following manner. Let X be a finite set in R™. Assume 0 & X. Let
S1, S2,...,5, in R™ be the concentric spheres with centers at the origin
satisfying the following conditions:

(1) X CS1USU---US,,

(2) XNS; #0 for 1<i<p.

Let X;=XNS; for 1 <i<p. Let w be a weight function X 52 —w(x) €
R-o. Let w(X;)=>",cx,w(r). With these notation they gave the following
definition.

Definition 4.3. X is a Euclidean t-design if the following condition is sat-

isfied: ,
yoex de = 3 f(nw
=1

i neX

for any polynomial f(z)=f(x1,x2,...,7y) of degree at most ¢, where |S;| is
the area(volume) of the sphere S;.
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For the Euclidean designs, Delsarte and Seidel gave the following lower
bounds for the cardinalities.

Theorem 4.4. (see [4])
(1) Let X be a 2s-design in R™, then the following holds:

2p—1 .
m+s—1i1—1
X| > E .
X1 = ( m—1 )

1=0

(2) Let X be a (2s—1)-design in R™. Assume that X is antipodal. Then the

following holds:
p—1 .
m+s—2i—1
X|>2 g .
X1 = ( m—1 )

=0

Definition 4.5. If the cardinality of a t-design attains the lower bound
given in Theorem 4.4, then we call it a tight design.

The set X given in Example 4.1 contains 45 points therefore it is not
antipodal. If we concider the same configuration as given by X on two con-
centric spheres with center at the origin. Then we may assume X is on the
2v2

3

sphere with center at the origin and radius and X5 is on the sphere with

center at the origin and radius @. If we define a weight function w by

()_ 5 if x € Xq,
T ifz e X,

then we can check by easy calculations that Example 4.1 is a Euclidean 3-
design on 2 concentric spheres in R®. However we can also check that there
is no weight function which make Example 4.1 a FEuclidean 4-design.

On the other hand Example 4.2 is an antipodal 2-distance set on 2-
concentric spheres in R2. Define a weight function by w(A4) = w(B) = 3,
w(C)=w(D)=1. Then it is easy to check that Example 4.2 is an antipodal
Euclidean tight 3-design.

Theorem 4.6. Let X be an antipodal 2-distance set on p concentric spheres
in R™. Assume | X|=2m. Then X is similar to one of the following:

(1) p=1 and X ={xe; | 1<i<m}.

(2) p=2 and X is the set defined in Example 4.2.

(Note that any antipodal 2-distance set X on p concentric spheres in R™
satisfies | X|<2m.)



556 E. BANNAI K. KAWASAKI, Y. NITAMIZU, T. SATO

Proof. If p=1, then an antipodal 2-distance set with cardinality 2m is a
spherical tight 3-design. It is well known that any spherical tight 3-design
on S™1(CR™) is isometric to {£e; | 1 <i<m}. Next, assume that p> 2.
We may assume that the smallest sphere among the p concentric spheres is
S™=1 We may also assume that +e; € X. Let ac X, and ||a||=7>1. Then
A(X) has to be {2, 2r}. This implies p=2. Let a=(a1,...,a,,) and a; >0. If
a1>0, then (1—ay)?+a3+---+a2,=4 and (1+a;1)?+a3+---+a2,=4r2. This
is impossible. Hence a3 =0. We may asume ag >0. Then ||e; —a||=v/1+r2.
Since 7 > 1, we have r = v/3. We may assume a = (0,/3,0,...,0). Let
b = (b1,...,bp) € X and b # +a,+e;. We may assume b; > 0. Then we
can easily show that by =0 and by =0. If m =2, then X is the set defined
in Example 4.2. If m > 3, then we may assume b = (0,0,b3,0...,0). This
contradicts the assumption |A(X)|=2. Hence X contains at most 4 points.
This completes the proof. ]

The definiton of a Fuclidean design given by Delsarte and Seidel does
not give a good theory between s-distance sets and designs. Is there better
definition for a Euclidean design?
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